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Time-Domain Skin-Effect Model for Transient
Analysis of Lossy Transmission Lines

CHU-SUN YEN, mEMBER, 1EEE, ZVONKO FAZARINC, ANp RICHARD L. WHEELER, MEMBER, IEEE

Abstract—A skin-effect equivalent circuit consisting of resistors and
inductors is derived from the skin-effect differential equations for simu-
lating the loss of a2 transmission line. A numerical method is used to
analyze the transmission-line differential equations and the skin-effect
equivalent circuit, yielding 3 model which relates the new values of
node voltages and line currents to their values at the previous time step.
Based on this model, a very simple program was written on a desk-top
computer for the transient analysis of lossy transmission lines. - - -

Two examples are presented. The first example is an analysis of the
step and pulse responses of a 600-m RG-8/U coaxial cable. The com-
puted results show excellent agreement with measured data. The second
example studies the current at the end of a 12-in 72 strip line under
different loading conditions. Very good agreement has been obtained
between the calculated steady-state solution and that obtained by the
frequency-domain method.

I. INTRODUCTION

RANSMISSION LINES with frequency-dependent skin-

Il effect loss were analyzed by Wigington and Nahman in
1957 using the Laplace transform methods [1]. In this
classical paper, the skin-éffect loss is assumed to have the ideal
square-root frequency dependerncy, and the lines are terminated
by their characteristic impedances. The first-order approxima-

Manuscript received August 24, I?Bl revised March 31, 1982 and
June 1, 1982,
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tion for the step response is given by the well-known comple-
mentary error function, Extension of this method to include
practical frequency-dependent losses [2] or arbitrary resistive
terminations [3] is not a trivial task. In 1964, computers
‘were applied to the study of transmission lines by Bertin using
the frequency-domain method. In this method, one first calcu-
lates the gain and phase change for each of the frequency com-
ponents contained in the inpat waveform, and then reassembles
them to obtain the t:ma-ﬂmnmn response {4}. The frequency-
domain method is not well suited for the time-domain transient
analysis, since it provides only the steady-state response for
Iepetitive . input waveforms, This method also intmdum
frequency-windowing ripple to the output waveform.

‘A different approach is the method of chasacteristics for the
time-domain analysis. It was first applied-to lossless transmis-
sion lines by Branin in 1967 [5], and was later extended to
transmission lines with constant, frequency-independent loss
by Dnmmd in 1969 [6], and by Gruodis in 1979 {7]. The
usefulness of these methods is limited to the low-frequency
range where the fraquancr-dependent skim:f fact lnll can be
neglected.

For transient analysis of transmissinn lmﬂs w:th shn-effmt
loss, one simple often used method is to include waveshaping
at the end of a lossless transmission line [8]-[10]. The loss-
less transmission line is used to simulate the delay, and the

0018-9219/82/0700-0750500.75 © 1982 IEEE
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waveshaping network is used to “shape” the output waveform.
When properly determined, the network can produce a very
close match between the simulated and the observed waveform
under the given conditions. The usefulness of this method for
transmission-line analysis, however, is also limited because it
provides no information for the waveform distribution along
the line except at the ends. A further drawback of this method
is that there is no formal basis for the design of these wave-
shaping networks, and there is no elearly defined relationship
between the circuit elements and the transmissiondine geometry.

Skin-effect loss has been under study for many years {11],
but very few of these circuit models have been used for the
time-domain transient analysis of fransmission lves. 1967,
two circuit models wese proposed by Mirrsch and Ruoehii {12] .
and by Gruodis, Ho, Miersch, and Ruehli [13}, where the skin-
effect loss of each section of a transmission line was modeled
by a series combination of tank circuits, consisting of resistors
and inductors. In a later proposal, the inductors were replaced
by short, fossless transmission lines [14]. These circuit models,
together with a general-purpose circuit analysis program [15],
are very effective for the transient analysis of short transmission
lines. -For a long transmission line of a few hundred meters,
however, the number of nodes can easily exceed a few thou-
sands. Clesdy, we must devise a scheme to minimize the num-
ber of circuit -elements required for the simulation of skin-
effect loss, and find a more efficient numerical method than
those offered by the conventional circuit analysis programs.

This paper presents a comprehensive study for the time-
domain transient analysis of lossy transmission lines suitable
for desk-top computers. The line is divided into N sections.
For each section, an equivalent circuit consisting of M resistors
and M- | inductors is derived directly from the skin-effect
differential equations to simulate the skin-effectloss. A scheme
is presented which minimizes the number of elements needed
for the required frequency range and desired accuracy. The
skin-effect equivalent circuit and the transmission-line equa-
tions are solved using the implicit backward Euler’s integra-
tion method, and a model is derived which relates the new
values of node voltages and line currents to their values at the
previous time step. The number of memory locations required
is (M+ 1) (N+1) plus those required for the circuit compo-
nents external to the transmission line, A very simple program
can be written for the transient analysis of transmission lines
for different input waveforms and various types of terminations.

For practical lines with other than the ideal sguare-root-
frequency-dependent losses, it is possible to adjust the values
of the equivalent circuit elements such that the calculated loss
agrees with the measured data.

Two examples are presented. The first example is an analysis
of 2 600-m RG-8/U coaxial cable used in data communication.
The computed step and pulse responses show excellent agree-
ment with measered waveforms. The second example extends
this model to the study of a 12-in 7-§ strip line, for which the
current at the end of the line is calculated for different Joading
conditions. Very pood agreement hax been oblained between
the calculated steady-state response and that oblained by
English and McNichol {16].

II. SKIN-EFFECT EQUATIONS

11 a conductor where the conductivity is sufficiently high,
the| displacement current density can be neglected, and the
conduction current density is given by the product of the
electric field and the conductance, With these simplifications,
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Fig. 1. (a) Center conductor ring definition and current distribution,
{b) Equivalent circuit for skin-effect loss,

Maxwell’s equations become

H
vx.r=-;m-§~—

ot (12)

and
VXH=] (1b)

where pt=47X 10”7 H/m is the permeability, and o is the
conductance.

For a coaxial cable, symmetry requires that the current den-
sity be a vector along the longitudinal direction and the mag-
netic field along the circumferential direction. Integration of
(1b) yields the following familiar result: the line integral of
the magnetic field H{r, 1) is equal to the enclosed current
Kr. 1), or . gy it et te iy | S

10, 1) = 207H(r, 1). (2)

Substituting H(r, 1) from (2) into (1a) and noting that J is
glong the longitudinel direction, we obtain

oJ(r, 1) _wo (1)
or - 2mr Ot

4 (3)

We divide the center conductor into M concentric rings, and
fet i= 1 be the outermost ring and i = M be the innermost ring
as shown in Fig. 1{(a); then (3) can be approximated by the
following M ~ i eguations:

iy m 4y w0 dli(2)
Ypq oty 28y At

in which J; is the current density of the #th ring, v; s the out-
side radius of the ith ring, and [ is the current carried by all
the rings enclosed by r; (Ipssy is zero). The current carried by
the ith ring with an area of A, is I;= I}y . Therefore, J; can
be expressed as

, A=, 3 v M {4)

I~Ly
|

j -
Ay

=12, M, (5)
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Substituting (5) into {4) and rearranging, we obtain the follow-
ing set of M ~ 1 equations for the coaxial cable:

dl
R;-ltf;-;-f;}-Rf(ff-—rm)=Lf;r—‘, i=2,3,-+, M

(6)

where R; and L; are the partial resistances and the partial in-
ductances per unit length for the ith ring given by

1

Rij= —— i=1,2,~+>.M (7a)
A[ﬂ
L= iy - r;} i=2,3,"", M (7b)
dnr;

To take into account the effect of the outer conductor of
the coaxial cable, we multiply the values of R; and L; of (7)
by the ratio of the total dc resistance to that of the center
conductor only.

The equivalent circuit representation of (6) is sh-::wn in Fig.
I(b). Same circuit has been used by Wheeler in 1942 [17] to
illustrate the concept of internal impedance of a slab of con-
ductive material. At dc, the impedance of the equivalent cir-
cuit reduces to the paraliel combination of all resistors, R
throngh Rjs, or the dc resistance of the coaxial cable, At h!gh

frequencies, the impedance increases with increasing frequency.-
The limiting value, however, is equal to R, the resistance of

the outermost ring. The current distribution is uniform.at dc,
but the transient current distribution is biased more toward
the outer rings, because of the partial inductors.

Since the computation time and the memory reguirements
are both functions of the number of circuit elements used for
the skin-effect simulation, it is important to hold the required
number of rings to a misfmum. Instead of the conventional
constant Ar, we propose that the center conductor be divided
50 that a constant resistance ratio R;/R;,; is maintained from
ring to ring.- This is consistent with the fact that the loss versus
frequency is a straight line in the log-log plot. Fig. 2 shows
that for a constant resistance ratio, the calculated attenuation
constant of the equivalent circuit has an increasing frequency
range with increasing number of rings. The deviation from
the theoretical square-root frequency dependence (shown by
the dotted line in Fig. 2) can be reduced by using smaller re-
sistance ratios, Table I shows that for a resistanice ratio of 3
and M =35, the skin-effect equivalent circuit has a deviation
from the ideal square-root frequency dependence of less than

: calculated (7),
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TABLE 1
Frequency RANGE oF Skin-Errect EQUIVALENT CIRCUIT
=i e -
RESISTANCE RATIO 2 - 3 4
DEVIATION FROM |
IDEAL SQUARE-ROQOT 2% - &'x 12
FREQUENCY DEPENDENCE
M=3 50:1 2221 800:}
FREOUENC M=4 200:1  2000:1 12B00:1
Y - ' .
RANGE M=S5 800:1 1BO0D:1
M=6 3200:1
Ma=7 12800:1

M = Number of Rings

6 percent, for a frequency range of 18000:1. For practical
lines with losses of different frequency dependency, the values
of the circuit elements can be adjusted to give a good agree-
ment between the calculated and the measured data. Thus the
proposed equivalent circuit is not limited to the case of ideal
coaxial cables.

We shall now apply the implicit backward Euler’s integration
method to the circuit equations of (6) by replacing the term
dl;/dt by the backward difference [I;(#) ~ Ji(t - At))]At. The
advantage of this method is that it is numerically stable even
for large values of Ax and Ar (see Appendix I). Starting with
i=M, we can solve for Ij; (1) in terms of Ing_, (1) and Iy (t -
A7) (since Ing,y = 0). The result is then substituted into the
next equation with {= M~ 1, and Ij,.,(¢) is solved in terms of
Iyeo(t) and Ing 1 (= A1), Iyt ~ At). In general, we have

. M
I(r) = &y 1-1 fi(t) + z ﬂfJfJ{t - A1),
f=1
i=2, 3 e M. (8

The coefficients a; 4, fori=2,3, -+, M~ 1, are given by the
following recursive formulas;

.l_

Qg 5 - (g-ﬂ)
M IRy + (1= 4 DR A
Ly |
Ry At
a1 =41 ;{ (9b)
R;At
81,/ = a1, 18101 7 —i—- J=i+1,i%2,+++, M. (9¢)
Fori= M, they are given by
a = : {(9d)
M o Ry +Ry) At
| Rpg.q At |
Ay M1 T A M “EL“ (9¢)

Given a new value of current I;(f), the new current distribu-
tion at the interior can be determined sequentiaily from =2
to i =M by (8). Note that the coefficients a; ;s are functions
of Ry, L;, and At. They are calculated only once at the begin-
ning of the program, and are used as constantsin all subsequent
calculations for the N + 1 nodes and for each time step At.






